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5.1 Differential technology
5.1.1 Deriving the maximized BE

The optimal consumption path can be found by maximizing equation (1) with respect to
C taking the equation for the capital accumulation (12) into account. This can be done by
using the dynamic programming approach according to Bellman

EldV (K)]

pV(K):mgx u(C)+ o ,

where because of Ito’s Formula for Ito-Lévy processes (cf. e.g. @ksendal and Sulem (2005),
Theorem 1.16)

1
AV (K) = Vi (A = 8) K = O) dt=Vico Kdz+ 5 Viero K2 dt+ S, (V (K — B,5) = V (K) d;.

Bearing the martingale property of both the the term involving the Brownian motion process
dz and the terms involving the Poisson processes dg; in mind, i.e. E [VxoKdz] = 0 and
E[(V(K - 3,K)—=V(K))dg] =N (V(K — 5,K) —V (K)) dt, one obtains:

EldV (K)]

v (a-n Kk -0+ %&KWKK LYV (K — BK) — V (K))

Inserting this into the BE one gets:

pV () = max |0 (O) + Vic (A= 8) K — O) + 50K Vigge + S\ (V (K — B,K) — V (K)

(24)
Maximizing with respect to C' delivers the following first order condition (FOC)
Uc = VK,
which can be because of (2) written as
1
"= —. 25
- )

Plugging this optimum condition into (24) gives the maximized BE (13).
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5.1.2 Deriving C' under log-utility

Computing the first and the second derivative of the educated guess (14) with respect to K
gives:

Vie= oz (26)
1
Vix =~ 12 (27)
Inserting these two expressions as well as
1
YNM(V(K-6,K)-V(K)) = EZﬁzl)\i log (1 — ;)
into the maximized BE (13) yields:
log (Y K) ) 1 1o 1
O=log(VK)—p|———+V |+ —(A-0) K —-¢K)— -——+ =37\ log (1 — 5,
(k) = p (22 (A=K —K) - 3T+ T3 Nlog (1= )
A—§—¢—3152 437 \log(l— 8,
:bg(w[()_plog(@bK)_p\lur Y —30% + XL Ailog (1 — 3;)
(8 (4
Choosing
p=1 (28)
and

A—d—p— %02 + X Nlog (1 —3;)

2
one can verify that the educated guess for the value function V' is correct. By combining the
FOC (25) with (26) and (28) one can replicate equation (15).

U —

5.1.3 Deriving C' under CRRA utility

If instantaneous utility is given by equation (2) the structure of the BE remains unchanged
compared to (24) but the resulting FOC looks different:

C* =V, (29)

This expression leads to the following maximized BE:

0= (VK;>7 _1 — pV (K) + Vg ((A—(S)K—Vlj>+

%UWVKK FY N (V (K = B,K) =V (K))

Once again one has to make an educated guess concerning the value function V:

_ K

V(K) = T + U
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Inserting the first and the second derivative

Vi =y 7K™ (30)
Vi = = Ty K1 (31)
as well as
—y K=

S (V(K = B,K) =V (K)) =4 Y Ai ((1 - 51‘)177 - 1)

1 -y

into the maximized BE gives:

. ((va—W)%Y_W -1 - YTK

1—~ Pz
Lo gyt o B s (1~ gy
30 P Ty + 1o z(( —B8;) 7 = )

T 1 oy pY
-7 Q-pEK— T3 K=

1, 1 .
502¢ Y+ ’szizl)‘i (1=5)""-1)

—pU ) TKTY <(A -0 K — (@/}—WK—W)*%) —

+¢7((A=0) —¢) -

In order to guarantee that this equation holds the constant ¥ has to be

L
(I=7)p

and 1 has to be as given in equation (10). For v = 1, i.e. the case of log-utility, this
equation collapses to the result that ¢» = p which just is expression (28). The relationship
(10) together with (29) and (30) produce equation (16).

U=

5.2 Standard I technology
5.2.1 Expected growth of output

By taking equation (32) and plugging the finding of Section 3.2.1 that optimal consumption
is the constant fraction p of the capital stock (cf. eq. (22)) into equation (8) one can derive
via Ito’s Formula for Ito-Lévy processes (cf. e.g. Oksendal and Sulem (2005), Theorem 1.14)
for the production function (6) that the evolution of output has to obey:

dY (t) = (A(t) =6 = p+ @) Y (t) dt + oY (t) dz () + ZiL, 5;Y (t) dgs (¢)

Taking expectations and dividing by dt as well as Y (t) deliver the expression for the expected
growth rate of output

st

Y (1)

E, [dY(t)]
—————==A{t) =5 —p+p+ I8N,

which depends on A (t).
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5.2.2 Definition of A as a martingale
Inserting (11) in (7) delivers

dA(t) = pA(t)dt + oA (t)dz (t) + X7, 5, A (t) dg; (t) (32)
or in integral notation:

A(T)—A(t):,u/tTA(s)dera/tTA() +2”16/ s) dg; (s

Taking expectations on both sides of this equation gives

E A (F) — A(t)] = uEs Ut Als) ds} +oF, M A(s)dz (s)] - BB M Als) dqz} ,

where the second term on the right hand side of the equation is equal to zero. Using Fubini’s
theorem one can therefore write the last equation as

BA@I=AO=n [ BAG) s+ S5 [ BlAG)ds

t
After having taken the derivative with respect to 7 employing the Leibniz rule one ends up
with the following ODE

dE, [A(T "
A s, (4] 4 S BNE A ()] = (a4 S BN F[A (7).
that can be solved for the expectation value of A (7):

E[A(7)] = A(t) exp (1 + ZiLy Bih) (T — 1)) (33)

5.2.3 Deriving the maximized BE

The adequate BE corresponding to the maximization problem of the social planner reads:
EdV (A K)]

dt
Applying Ito’s Formula to the term dV (A, K) delivers the following output:

pV (A K) = max u(C)+

dV (A, K) = Vi (AK — 6K — C) dt + VaApdt + %VAAA%?dH
VaAodz + S, (V (A+ AB,, K) — V (A, K)) dg;

Taking expectations, dividing by dt, and inserting the resulting expression into the BE gives:
U (C) + Vi (AK — 0K — C) + VaAp + %VAAA202+

VA =m D (V (A A5, K) — V(4. K)) Y
Maximizing with respect to C' produces the following first order condition (FOC)
Uc = VK,
which can be because of (2) written as
1
C* = —. 35
= (3)

Plugging this optimum condition into (34) gives the maximized BE (18).

17



5.2.4 Deriving C' under log-utility
Inserting the educated guess for C' (cf. eq. (19)) into equation (8) one can find K (1) to be:

K (7) = K (t) exp (/t (A(s)—5-9) ds> (36)

Furthermore the solution to (32) looks like

n

A(r) = At)exp (,u(T—t)—%02(T—t)+az(7)+log (z;;llzﬁi) s 4T )>. (37)

Recognizing that the variable exp (0z (7)) is log-normal distributed with E; [exp (Jz (1)] =
exp (302 (1 —t)) allows to derive a solution for E, [exp (log (E;‘Zl (ﬂ>> s %) )] by

taking expectations of the relationship (37) and comparing the resulting expression with
(33):

EA(F) = E, [A () exp (M (r—1)— %(;2 (7 =) + 02 (7) + log (2;;1 ! Zﬁi) z;;f-”'é”)]
— A e u(r ~ )exp (302 (= 0)) Bifexp (0 ()

{exp ( v, log <Z?—1 ! —;Bz> Yy quj)>]

(t) exp ((p + XL, B;M) (T — 1))
— F [exp <log (2;;1 (1 Zﬁ )) sn & iﬂ)} —exp (S BN (T —1)  (38)

Inserting this as well as equations (2), (19), (36), and (37) into the definition of the value
function V; (A, K) = maxyc() U gives

Vi) = B | [T (ptr = oyucr o) ar] = B | [ e (o= 0)u (0K () ar]
_ B Moo exp (—p (7 — 1)) log (VK (1) exp (@) ) dT} |

"This can be proven by applying Ito’s Formula

dA (1) = A(7) pdr — A(T) %asz +A(r)odz (1) + %A (7)o (dz (7’))2 +

Yic (AT 2,q0+ 1) = A(7,2,q:)) dgi (7)
=A(r)pdr + A(1)odz (1) +

T—1t)—50°(T—1)+ o0z
Ylie1 (A(t)eXp<l;§g(z)nll+ﬁ(>( 3L+q<r )Jr> )dQZ(T)
— A udr + Ay ads (7) + S0y (A0 T - A()
= pA(T)dr + 0 A(T)dz (1) + Y i B;A () dg; (1),

where the last expression is identical to equation (32).
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where ( e | .
_ [’ p(s—1t)—50°(s=1)+oz(s)+ .
<I>:/t (A(t)exp< log (Z;“;IHT&) o ) >—5—¢> ds

which is expression (20) in the text. Simplifying and taking the condition (17) as well as the
expectation value (38) into account yields:

Vi (A K) = log ({pmt)) /tooexp(—p(T—t))dT— (5+»¢) /tooexp(—p(T—t))(T—t)dT—i—

A1) / " exp(—p(r— 1))
i ( exp (1 (s — 1)) exp (—20% (s — 1)) Ey [exp (02 (5))] ) .

By [exp (log (L1, M2 ) w400 |

i=1 n

— log (VK (1)) leXp (_ij — t»r ~ (0+9) [eXp ((_—p/E)TQ_ D pr—n-1)| +

ag) [22LED - )

wei50) a e
B p p? p?

o

0

As this has to hold irrespective of time ¢t one can drop the time index and obtain the value
function (21). It follows that

1
Vie = —
K ,OK’

1
VA=;7
Vaa =0,

and
BV (A + A8, K) =V (A K)) = AT B,

Inserting all these expressions into the maximized BE (18) delivers

o (VK) 4543
2

1 1 1
P =log (pK) + — (AK — 0K — pK) + s Ap+ S AX! )\ 5,
p P2 p (PK) pK( ) P> P> !

A 0
=log (pK) +— — - —1,
p P

where the second equality holds because of equation (17). Again, one can see that for v=p
this equation is satisfied and therefore like in the differential setup optimal consumption is
indeed a constant fraction of the capital stock (cf. eq. (22)).
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