An example for a closed-form solution for a
system of linear partial differential equations

Tobias Nagel ® and Klaus Wilde )1
() University of Mainz (") CESifo, Université Catholique de Louvain, University of Bristol

June 2011

We analyse a system consisting of two linear partial differential equations. We
present a closed-form solution which has a “gamma-structure”, i.e. it is of form
re ",
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1 Introduction

Consider a function p(a, z,t) : R x {w, b} x Ry — R. We require that this function satisfies the
following system of partial differential equations (PDEs),

PDE® = & pa,w,1) — mup (e, 1) 4 sp o, ) — pp(ab.1) =0, (1a)
PDEb = %p ((l, b7 t) - mb%p (a) b7 t) + pup ((l, b7 t) — Sp (a7 w, t) = 07 (1b)

where s, i, m,, and m,, are known real constants. Further we assume that m,, # my.

Those equations are motivated in economic papers by Bayer and Wélde (2010 a,b,c). The
authors analyse the distribution of wealth a in a world of uncertain labour income, i.e. labour
income z that moves stochastically between a low state b and a high state w. This stochastic
movement is modeled using two mutually independent Poisson processes. Arrival rates are s
for the transition from state w to b and u for the opposite direction. The state w can be called
“employment” and state b “unemployment”. Individuals can save in this setup implying a dis-
tribution of wealth that is a function of labour market history. The above linear system results
from Fokker-Planck equations describing the joint density of a and z under the assumption of
a utility function characterised by so-called “constant absolute risk aversion”.

As far as we can tell, general closed form solutions for a linear PDE system (1) do not seem
to exist.? A posting by Serre (2011) supports this opinion by stating that a general closed-form
solution for a linear PDE system does not exist. Special solutions, i.e. solutions for special
initial functions, are well-known. An example are exponential-type solutions of the form e®e!
(Israel, 2011). After having consulted, inter alia, Polyanin (2001, 2011), Polyanin et al. (2001),
Evans (2010), Farlow (1993) and Zachmanoglou and Thoe (1986), we concluded that solutions
of the “gamma-type” suggested here are not as widely known as one would expect.?

!Both authors are at the Mainz School of Mangement and Economics, University of Mainz, Jakob-Welder-
Weg 4, 55131 Mainz, Germany. Contact: nagelt@uni-mainz.de, klaus.waelde@uni-mainz.de, www.waelde.com.
We would like to thank Christian Bayer (Department of Mathematics at the University of Vienna) for comments
and discussions.

2In parallel work, ten Thije Boonkkamp and ourselves solve this system using the method of characteristics
as presented e.g. in Mattheji, Rienstra and ten Thije Boonkkamp (2005). We obtain a system of integral
equations or ordinary differential equations on characteristic lines that do not suggest an obvious closed-form
solution.

3We would call a solution widely known if it appears in textbooks. We would be very happy to receive hints
to the journal literature if closed-form solutions are available there.



We suggest and prove that there are closed-form solutions of the type

pla,w,t) = (Cow + Caw + Crt) €M%, (2a)

pla,b,t) = (cop + Capa + cypt) €2 (2b)

where ¢, Cop, Caws Cabs Ctw, Cip, €1 and co are parameters which are to be determined. These so-

lutions could be called gamma-type solutions, given that their structure reminds of the gamma-
distribution.

The remaining parts of this paper is structured as follows. Chapter 2 gives a theorem

showing that for certain parameter restrictions, our guess in (2) is indeed a solution to (1).

We also give a short sketch of the proof - which can be found in full detail in the appendix.
Chapter 3 presents a numerical illustration of our solution.

2 A “gamma-type” solution

We try to keep this chapter as short as possible and at the same time include the key steps of
the proof of our main theorem. Interested readers can find the complete proof in the appendix.

2.1 Main result

Proposition 1 Consider the function
pla, z,t) = (con + Caza + cput) 20 z € {w,b} (3)
WheETe Cowy Caws Crws Cobs Cabs Cioy €1,02 € R\{0} are constants and define

Cy = —c1 + comy + 1, (4a)
Cyw = —C1 + comy, + s. (4b)

Then, p(a,w,t), p(a,b,t) are solutions to the system of PDEs given in (1) if and only if all of
the following five conditions hold

Cy K
= _ = 5)
alon (5a)
Ctw K
v _ = 5b
Ctb Cw , ( )
Caw 2
S 5)
Cab va7 ( C>
(smwu + Cimb) Caw = (Ci + Su) Ctw (5d)
Ctw — CauwMMy = _COwa + Cob s (56)

where p, s, My and m,, are given parameters as described after (1).

Proof. (sketch - see appendix for complete version) The proof is completely constructive.
We start by substituting our (3) and its derivatives into the PDE system (1). This yields

0 = Ctw — CawMuw + CowCuw — coppt + (ctwCu — ctppt) t + (CawCw — Cant) @,
0 = Ctp — CapThy + CObe — CowS + (Ctbe — thS) t + (Cabe — caws) a.

Taking into consideration, that a € R and ¢ € R, these equations can be satisfied only if the
terms in front of a and t are zero. Imposing this on parameters, we also need the remaining



terms to equal zero. Imposing this as well, we end up with a system of six equations to determine
the eight parameters ¢y, Cqw, Ctw, Cobs Cabs Cth, C1,C2-

Analysing those equations, we find that one of these six equations is redundant and we end
up with the five conditions in (5). We then choose ¢, ¢y, cop as free parameters. Once we have
chosen cq, we can determine c¢; by solving the quadratic equation (5a). As we can choose cg, we
always find at least one real solution for ¢;. Subsequently, fixing ¢, and the previous results,
we use (bb) to compute ¢y, and (5d) for ¢,,,. The next step is given by (5c) an the computation
of ¢qp. Finally, given all previous results and fixing cqp, we can use (5e) to determine the missing
Coy- N

2.2 A first example

For a first application, we set m,, = s = —1 and m;, = = 1, i.e. we want to solve

g(awt)jtg(awt)— (a,w,t) —p(a,b,t) =0 (6a)

815 9 9 aap 9 9 p I I p s Yy — Y

0 0

a (Cl, b7 t) - %p (CL, ba t) + p (aa b7 t) + p (a> w, t) = 0. (Gb)
One solution is

pla,w,t) = te*, pla,b,t) = (1+1)e*, (7)

i.e. with the notation of theorem 1: ¢; = ¢y = Cap = Caw = 0, Cop = Cip = Cry = 1 and ¢y = —2.4

To verify that, we compute partial derivatives,

—p(a,w,t) =e*, =—p(a,w,t) = 2te*,
0
a

ot

a _ 2a a . 2a
a (aab7t)_e ,aap(a,b,t)—2(1+t)€ )

substitute them plus our guess (7) into the initial system (6) and see that (6) holds.

3 Numerical illustration

We now provide numerical examples for solutions. This is of importance for applications as it
illustrates which values the parameters can take.” The first subsection provides two equations
that determine m,, and my. This is an outcome of the economic system in the background.
Someone interested in the numerical illustration per se can skip this section and take values for
m,, and m; as given.

Parameters for our numerical illustrations are given by

r=0.0198, s=0.014, p=0.02, w=2, b=1, u=0.079, v=0.2. (8)

While the values can be motivated from the economic model as well, they are relatively arbitrary
at this point.

4To get this solution, we chose c; = —2 and ¢ty = cop = 1. The value of ¢y together with the values of
My, My, 4 and s imply that we only have one solution for ¢;, i.e. ¢; = 0.
% All codes are available at www.waelde.com /pub right next to this paper.



3.1 Values of m,, and m,

The optimal consumption path under a utility function with constant absolute risk aversion is
given by c(a, z) =ra+ z+m,, z € {b,w}, provided that

wW—b+may _mb] — 0
)

14 myy] — s — p+ sel
L+ myy) = p— p 4 pe el =
hold. Here, r is the constant interest rate, v is the CARA-parameter, p is the discount factor
and s and p are the arrival rates of the Poisson processes. These two equations result from the
Bellman equations of the maximization problems (one for each state). Using our parameter

values from (8), we get
m,, = —0.0762 < 0, my, = 0.7470 > 0.

3.2 Determination of p(a, 2, t)

Having three parameters we can choose to our liking, we split up this section into three parts.
In each part, we fix two out of the three free parameters and the third parameter is allowed to
vary within an interval. Using those values we compute the parameters fixed by our conditions
(5) and analyse their behaviour.

As the proof of theorem 1 has shown, we can have up to two real values for ¢; given a fixed
value of ¢5. We denote these two solutions by ¢, and ¢;_ here.

3.2.1 Fix ¢y and ¢y,

For our fist illustration we fix co = 1 and ¢, = 2. We let the remaining free parameter cg, vary
between —2 and 2, as plotted on the horizontal axis of the next figure.

fixed c2=1 and cM=2, using ¢, fixed cz=1 and cM=2, using ¢, _
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Figure 1 Parameter values for co = 1, ¢y, = 2 and —2 < cop < 2, using c14 in the left panel
and c,_ in the right panel.

The parameter values for c;, are illustrated in the left panels, those for ¢;_ in the right
panels. In the case of ¢y, we see that all parameters are independent of ¢, apart from cg,,.
Looking at the conditions in (5) immediately shows that this obviously needs to hold true. As
the condition do not distinguish between different values of ¢;we observe the same behaviour
for ¢;_, but with obviously different absolute values.

4



3.2.2 Fix ¢, and cy,

Let ¢y, = 1 and c¢qp = 2.

fixed cM:l and cOb:Z, using Ciy fixed cM:1 and cOb:Z, using .
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Figure 2 Parameter values for ¢y, = 1, cop = 2 and different values of co, using c1y in the left
panel and cy_ in the right panel.

Here, as ¢, is not fixed, we have no constant parameters. Instead there exists a pole for
Cob,Cap aNd g4y as shown in the second row in the figure. The value of that pole depends on
Cy.% c1+ is a flat, opened up and positive valued parabola, whereas c¢;— is also flat but open
down with both positive and negative values. The left and right panel seems to be connected
by a symmetry issue, which is not further analysed here.

3.2.3 Fix ¢y and ¢y,

fixed 02:1 and cOb:Z, using ¢, fixed 02:1 and C0b=2, using ¢,

0.5 1 15 s -1 -0.5 0 0.5 1 15

Figure 3 Parameter values for co = 1, cop, = 2 and —1.5 < ¢y, < 1.5, using c1y in the left
panel and cy_ in the right panel.

6Looking e.g. at cqy in (5d) the denominator equals 0 if Cy, = \/— (smpt) /mp.
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For both, ¢;, in the left panel and c¢;_ in the right panel, parameters cyy, Caw, Cap and ¢y
depend on ¢;,,. The remaining three parameters are constant. Obviously the absolute values in

both cases are different.

3.2.4 Looking at the shape of p(a, z, 1)

This section looks at one example to analyse the structure of the p(a, z,t). Let
[017 C2, Coby Cows Cabs Caw; Cib, th]
=10.83, 1, 2, 2.30, —30.19, 2.68, —22.52, 2].

We then plot

pla,w,t) = (2.30 + 2.68a + 2t) e 0830,
pla,bt) = (2 — 30.19a — 22.52t) ¢~ 0-83t—2,

Figure 4 p(a,w,t) and p(a,b,t) for —1.5 <a <5 and 0 <t < 10.

To get some impression, we solve the system for —1.5 < a < 5 and 0 <t < 10. We observe

that the peak moves to the left as time goes by. Taking a bigger interval for a, this movement
would of course become even more visible.

140 —

p(a,w,0)
p(a,b,0)

1 0 1 2 3 7 5
Figure 5 Initial conditions p(a,w,0) and p(a,b,0) for —1.5 < a < 5.
As any solution of a PDE is a function of the intitial condition, finding a closed-form solution

implies in our case an explicit functional form for the initial condition (i.e. for ¢ = 0). These
initial conditions are shown in fig. 5.



4 Conclusion

We showed that for a special two-dimensional linear system of PDEs,

gp (a,w,t) — mwgp (a,w,t) + sp(a,w,t) — up(a,b,t) =0,

ot oa
0 0
57 (a,b,t) — My P (a,b,t) + pp (a,b,t) — sp(a,w,t) =0,

a solution of the form
pla, z,t) = (co» + Car + cput) e 727, z € {w,b}
exist, if the parameters fulfil certain conditions. In total we get five conditions leaving us a
high degree of freedom by choosing three parameters.
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A Appendix - Proof of the main result

This section proves proposition 1. Computing the partials derivatives of
pla, z,t) = (co» + Caza + cit) e 2 € {w, b}

and substituting those derivatives back into (1) yields

0 = Ctw — CawMuw + Cow(—C1 + Camy, + 8) — coplt

+ (crw(—c1 4 camuy + 5) — cpp)t + alCow(—c1 + comy, + 8) — Cappt), (9)
0 = cu — Capmp, + cop(—c1 + camp + 1) — Cows
+ (cw(—c1 + comp + 1) — cwS)t + alcap(—c1 + camyp + 1) — Caw$), (10)

where we already used the fact that e=“1*~“2% > (. If we can ensure that those two equations

hold, p(a, z,t) are solutions.
Due to the fact that (9) and (10) have to hold for all ¢ € [0,00) and a € R, we need that

Ctw — CawMaw + CowCyw = Copfl, (11a)
CwCuw = Caplt, (11b)
CawCw = Caplt, (11c)
Cipy — CapMp + copCp = CowS$, (11(21)
ctyCy = CpapS, (11e)
catCh = Caws, (11f)
where we simplified the expressions using C,, = —c; + comy, + s and Cy, = —c1 + comy, + .
Substitution of the second and third equation into the last two equations yields
Ctw — CawMuw + CouwCuw = Coplt,
Ctw M
o Cy’
Caw b
Cab B C_w7
Ctp — Cap™y + copCy = Cow,
Co_ 1
s C,
G _ 1
s Cy
and hence we can eliminate one equation. The remaining system is
Ctw — CawMuw + CowCuw = Coplt,
Ctw 2
o Gy
Caw . /"L
Cab - C_w’
b — Capy + copCy = Cow,
Ch 1%
- = o (12)

Therefore we have five equations for eight unknowns, yielding an underdetermined system.



Assume ¢y is free, i.e. let co € R\{0}. Now ¢; can be chosen such that the last equation, i.e.
—Cc1+comy+p "
S —C1 F+ Comy, + 8
= & —c; (u+ s+ ca(mp +my)) + calcampmy + pimy, + smy) =0

(13)

holds. Hence c; can be determined by solving a quadratic equation and we could end up with
up to two solutions for ¢;.Nevertheless we assume, that we can find at least one value for ¢;
(maybe we have to change the chosen value of ¢3) and therefore we have fixed ¢;, ¢ and of
course O Cly.

The remaining four equations

Ctw — CawMy + COwa = Cop 4, (143)
Ctw %

Cw _ P 14b

Cep Cw ( )
Caw 1%

= — 14
o SO (14c)
Ctp — Capyy + copChp = Cow, (14d)

can be used to determine four out of the remaining six parameters, coy, Caws Crw, Cobs Cap AN Cgp.
To start with, we look at the first and last equation. This system can be written in matrix

notation as
(th - cawmw> ( 2 _Cw> <COb) _ (C()b>
= pr— M .
Ctb — CabT -G, s Couw Cow
Looking at det(M ), we see that det(M) = us — C,,C, = 0 by (12). Hence, we have either none
or infinite solutions. Looking back at

Ctw — CawMMy = _COwa + Coblt, (15)
Cth — CabMp = CowS — CopCh, (16)
we can write those two equations as

Ctw — CawMay H

= — . aww B 17

Co Cw + CwCOb’ ( )
— ¢, C

Coy = w 4 ?”c%. (18)

Finding a solution of a system of linear equations is equivalent with finding an intersection of
those two lines. By comparing those two lines with each other, we see, that they have to be
parallel. as#- = %, according to (12). We therefore either have no solution or an infinite
amount of solutions for (15) and (16). The second case - the one we need for our proof to work

- arises for
Ctwy — CauwMMy o Cip — CapTp

Cyu N S
We therefore need to add this condition to our list of the “remaining four equations” in (14).

Doing so, we can remove one of the two redundant equations (given that we impose them
to be identical in (19)) and obtain

(19)

Ctw - ,LL
- )
Cep Cw
Caw o 1%
- )
Cab C’w
e —camy | Gy
Cow = ————— + —Cop,
S S
Ctw — CawMMy o Cep — CapTyp
Cly s ’



We start by solving the first two equations for ¢, and ¢, respectively and insert those expression
into the third equation. This yields

= Cyp, (21)

= Cgb, (22)
02 02 my

w
—8Cw T SMyCary = Ciw — Caw

where the last equation is equivalent to

(ome+ S2) = (S 2)
Caw | My + =Cyp | — +5
7 7
C2 + su) (smwu + Cimb> -
o 7
C2 + sp
smypp+ C2my )

< Caw = Ctw <

> Cow = Ctw ( (23)

Let ¢y, € R\{0} be fixed but arbitrary, then (23) determines cq,,. Also ¢, and ¢y, can now be
computed using (21) and (22).

At this stage we are left with only one equation,
Ctw — CawMay H

Cow = =" +

Cw C_w COb, (24)

to determine cg,,, and cp,. Without loss of generality, we assume cg, to be the third and last free
parameter and with (24) we have the condition on the missing parameter cg,,. Therefore the five
conditions of theorem 1 are (12), (21), (22), (23) and (24).

q.e.d.
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