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1 Introduction

The analysis of a deterministic dynamic system is usually undertaken in three steps:
First, one assumes that there is a solution to the system where variables do not change
�a steady state. One can then try to prove its existence. Second, the uniqueness of
this steady state can be proven. Finally, out-of steady state dynamics are analysed.
The central question in this �nal step is to understand whether transitional dynamics
for any reasonable initial condition imply that all variables converge to their steady
state levels.
The analysis of stochastic dynamic systems follows the same steps. The �rst step

consists in proving existence of a stationary distribution. A stationary distribution is
the concept in stochastic systems which corresponds to a steady state in a determinis-
tic system. The second step proves uniqueness of this stationary distribution - similar
to proving uniqueness of a steady state. The �nal question then deals with transitional
dynamics - now at the level of distributions. One would like to understand whether
(economically reasonable) initial distributions converge to the stationary distribution.
The present paper will undertake these steps for a prototype model of matching

and saving in continuous time. Bayer and Wälde (2010a) have extended the textbook
matching model of Pissarides (1985, 2000) to allow for savings. Consumption thereby
no longer equals current income and consumption smoothing is possible. We call

1Christian Bayer: TU Berlin, Institute of Mathematics, Straße des 17. Juni 136, 10623 Berlin,
bayer@math.tu-berlin.de, Klaus Wälde: University of Mainz, Mainz School of Management and
Economics, Jakob-Welder-Weg 4, 55128 Mainz. klaus@waelde.com, www.waelde.com.
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the resulting model a prototype model as all features not essential for understanding
the impact of savings were removed (in particular, there is competitive factor pricing
and there are no vacancies). Equilibrium properties di¤er dramatically from a model
without savings.2

This paper is related to a long history of stochastic dynamic models in economics.
- to be written (discrete time models) -
As is true for the derivation of the Fokker-Planck equations in Bayer and Wälde

(2010b), the relevance of the proofs provided in this paper go beyond the speci�c
matching and saving model used as background. As we work in continuous time,
our analysis is related to the huge literature in economics on continuous time models
with uncertainty. The principles of the analysis we undertake can be undertaken for
all other continuous time models under uncertainty as well. As �to the best of our
knowledge �this has not been undertaken in the economics literature so far, we hope
to provide tools here which provide useful in other contexts as well. - to be written
(continuous time models) -
The proof of existence and uniqueness of an invariant distribution and of ergod-

icity, i.e. of convergence to the said distribution, builds on the work of Meyn and
Tweedie (1993a,b,c) and Down et al. (1995). In particular, it is worth noting that
the wealth process is not smoothing, in the sense that the strong Feller property does
not hold. However, in the low-interest rate regime, we can still show a strong version
of recurrence (namely Harris recurrence) by using a weaker smoothing property, and
thus obtain uniqueness of the invariant distribution. Ergodicity is then implied by a
Lyapunov-type condition.
The existence proof for a stationary distribution will be undertaken in sect. 4.

The second step in sect. 4 proves uniqueness of this stationary distribution. The �nal
sect. 5 proves that all initial distributions converge to this stationary distribution.
Before undertaking these steps, some background is provided in sect. 3. The next
section provides the modelling background for the proofs.

2 The model background

The proofs provided in this paper are of interest not only for the speci�c model by
which they are motivated (Bayer and Wälde, 2010a) but also for other stochastic
continuous time models. For this reason, we present here only the properties of our
model which are essential for the proofs. Applications to other models then simply
requires to identify the corresponding properties of other models and adapt the proofs
presented below.
There are two variables describing the state of an individual. They are wealth

a(�) and the labour income z (�) of this individual. The individual behaves optimally

2A companion paper (Bayer and Wälde, 2010b) proves central equilibrium properties of the
matching and saving model. Conditions for rising consumption are proven and the existence of an
optimal consumption path is shown. Going in its relevance beyond the matching and saving model,
Fokker-Planck equations are derived. These equations (partial and ordinary di¤erential equation
systems) describe the density of the wealth-employment process as predicted by the model.
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according to some optimality criterion which implies a consumption function c(�) =
c(a(�); z(�)): Wealth satis�es the stochastic di¤erential equation

da(�) = (ra(�) + z(�)� c(�))d�; (1)

where r denotes the constant interest rate. Labour income is modeled by a continuous-
time Markov chain with two possible states w and b. Here, w > b is assumed to be the
net salary from employment, while we think of b as an unemployment bene�t. The
transition rate from state b to state w is the �job arrival rate�� > 0, the transition
rate from w to b is the �separation rate�s > 0.
While c(a(�); z(�)) is de�ned as the utility maximizing consumption function, it

was analytically characterized by the solution of a system of ordinary di¤erential
equations (with singularity - see equations (20) in Bayer and Wälde, 2010a) on a
domain [�b=r; a�w]�fw; bg. Now consider the following assumptions: (i) r < �, where
� is the time preference rate of the optimising individual, (ii) c(a; z) is continuously
di¤erentiable in a on [�b=r; a�w] � fw; bg, (iii) relative consumption c(a; w)=c(a; b)
is continuously di¤erentiable in a and the derivative changes its sign only �nitely
often in every �nite interval and (iv) the initial wealth a(t) is chosen inside the
interval [�b=r; a�w]: Under these assumptions, it has been revealed that wealth a(�)
is increasing in time when z(�) = w and decreasing when z(�) = b (strictly so when
a(�) 2 ]� b=r; a�w[). Moreover, wealth will never leave the interval [�b=r; a�w].3
This presentation of essential features of our model for the stability analysis has

shown that the objective function hardly plays any role. As long as there is a con-
sumption function c (:) with properties as presented above, the proofs go through also
for other setups. Similarly for the state variables. As long as the properties of the
state variables in other models are the same (as an example: wealth is often bounded
in general equilibrium models of precautionary saving), the proofs here can directly
be applied. The same holds true for factor pricing or the competitive structure. This
would a¤ect the levels of labour income which z can take or the shape of c (:) : But
it would not a¤ect the validity of the proofs. If properties di¤er slightly, the proofs
below will show how they need to be adjusted.
The goal of the present paper is to prove theorem 2 in Bayer and Wälde (2010a),

i.e. we prove that the system in the low interest rate case r < � has a unique in-
variant distribution, and, moreover, that the system is ergodic in the sense that the
distribution always converges to the invariant distribution as � ! 1. To this end,
we are �rst going to review some important results from ergodic theory of Markov
processes. As references, we mainly use the works of Meyn and Tweedie (1993b,c),
see also their book (1993a) about Markov processes in discrete time.

3The domain where economically relevant equilibrium dynamics takes place is [�b=r; a�w]. If
wealth is larger than a�w, it will always decrease, regardless of z. It has been proven that wealth
levels smaller than �b=r can not occur in equilibrium as �b=r forms a natural borrowing constraint.
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3 Review of ergodicity results for Markov processes

Let (Xt)t�0 be a (homogeneous) Markov process with the state space X, where X is
assumed to be locally compact and separable metric space, which is endowed with
its Borel �-algebra B(X).4 Let P t(x;A), t � 0, x 2 X, A 2 B(X), denote the
corresponding transition kernel, i.e.

P t(x;A) = P (Xt 2 AjX0 = x) = Px(Xt 2 A);

where Px is a shorthand-notation for the conditional probability P (�jX0 = x). Note
that P t(�; �) is aMarkov kernel, i.e. for every x 2 X, the map A 7! P t(x;A) is a prob-
ability measure on B(X) and for every A 2 B(X), the map x 7! P t(x;A) is a measur-
able function. Similarly, by a kernel we understand a function K : (X;B(X))! R�0
such that K(x; �) is a measure, not necessarily normed by 1, for every x and K(�; A)
is a measurable function for every measurable set A. Moreover, let us denote the
corresponding semi-group by Pt, i.e.

Ptf(x) = E(f(Xt)jX0 = x) =

Z
X

f(y)P t(x; dy)

for f : X ! R bounded measurable. Before adapting two of the most fundamental
notions of the classical theory of Markov chains to the continuous case, let us introduce
two relevant random variables. For a measurable set A, we consider

�A = infft � 0jXt 2 Ag; �A =

Z 1

0

1A(Xt)dt:

De�nition 3.1 Assume that there is a �-�nite, non-trivial measure ' on B(X) such
that, for sets B 2 B(X), '(B) > 0 implies Ex(�B) > 0, 8x 2 X. Here, similar to Px,
Ex is a short-hand notation for the conditional expectation E(�jX0 = x). Then X is
called '-irreducible.

If X is a '-irreducible process for some irreducibility measure ', then there is
a maximal irreducibility measure  , which is an irreducibility-measure, such that
every other irreducibility measure ' is absolutely continuous with respect to  .5 We
will often simply refer to irreducible processes, without mentioning an irreducibility
measure.

De�nition 3.2 The process X is called Harris recurrent if there is a non-trivial �-
�nite measure ' such that '(A) > 0 implies that Px(�A =1) = 1, 8x 2 X. Moreover,
if a Harris recurrent process X has an invariant probability measure, then it is called
positive Harris.

4The state space of the employment-wealth process X = R � fw; bg, endowed with the usual
Euclidean metric in the �rst component, the discrete metric in the second component, and the usual
product metric on X obviously satis�es these requirements. We will apply the results of this section
to the Markov process X� = (a(�); z(�)).

5Given two measures � and �, � is called absolutely continuous with respect to �, if �(A) = 0
implies �(A) = 0, for every measurable set A. In that case, there exists a density of � with respect
to �.
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Remark 3.3 Intuitively, a Markov process is irreducible, if every state can be reached
from every other state with positive probability. De�nition 3.1 gives the appropriate
generalization of this concept to the continuous situation.
On the other hand, Harris recurrence means that every state � i.e. every set of

positive '-measure �is visited in�nitely often. In particular, Harris recurrence implies
irreducibility (with irreducibility-measure '). Notice that there is also the weaker
notion of recurrence.

Remark 3.4 Harris recurrence may be equivalently de�ned by the existence of a �-
�nite measure � such that �(A) > 0 implies that Px(�A <1) = 1.

The following proposition is cited in Meyn and Tweedie (1993b, page 491). It is
the analogue to a well-known statement for Markov chains.

Proposition 3.5 If the Markov process X is Harris recurrent and '-irreducible, then
there is a unique invariant measure.

A simple su¢ cient condition for irreducibility is given in Meyn and Tweedie
(1993b, prop. 2.1).

Proposition 3.6 Suppose that there exists a �-�nite measure � such that �(B) > 0
implies that Px(�B <1) > 0. Then X is '-irreducible, where

'(A) �
Z
X

R(x;A)�(dx); R(x;A) �
Z 1

0

P t(x;A)e�tdt:

De�nition 3.7 Given a probability measure a on R�0, de�ne a Markov kernel Ka by

Ka(x;A) �
Z 1

0

P t(x;A)a(dt):

The Markov chain (in discrete time and with state space X) with transition kernel
Ka is called Ka-chain.

Ka-chains are important tools, because they often have the same properties as the
underlying, continuous-time Markov-process. In particular, if any Ka-chain is Harris
recurrent, then so is the Markov process X, cf. Meyn and Tweedie (1993b, th. 2.2).
It is well known that existence of an invariant measure is intimately connected with

growth properties of the Markov process. We will formulate three such properties,
which we will need below.

De�nition 3.8 We say that X !1 if Xt 2 Cc for every compact set C and every
t large enough. The Markov process X is called non-evanescent if Px(X ! 1) = 0
for every x 2 X.

De�nition 3.9 A family of probability measures ��, � 2 �, is called tight if for
every � > 0 there is a compact set C such that

��(C) � 1� �; 8� 2 �:
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Remark 3.10 By a classical result by Prokhorov, every tight family of random vari-
ables has a sub-sequence, which converges in distribution.

We will not use the notion of tightness, but instead a slight generalization, which
turns out to be very useful for our purposes.

De�nition 3.11 The process X is called bounded in probability on average if for
every x 2 X and every � > 0 there is a compact set C � X such that

lim inf
t!1

1

t

Z t

0

Px(Xs 2 C)ds � 1� �;

for every starting value x 2 X.

Finally, let us recall the following important continuity notions.

De�nition 3.12 The Markov process X satis�es the weak Feller condition if for
every continuous bounded function f : X ! R the function Ptf : X ! R is again
continuous. Moreover, if Ptf is continuous even for every bounded measurable func-
tion f , then X satis�es the strong Feller condition.

Remark 3.13 The employment-wealth process obviously satis�es the weak Feller con-
dition (because the wealth process is path-wise continuous in the starting value), but
it does not satisfy the strong Feller condition. An example for a strong Feller process
would be the Brownian motion. One should remark that our usage of the Feller con-
ditions is common, but not canonical in the literature.

Meyn and Tweedie (1993b, th. 3.1) gives a simple condition for the existence of
an invariant probability measure.

Proposition 3.14 If a Markov process X satis�es the weak Feller condition and is
bounded in probability on average, then there is an invariant probability measure for
X.

Finally, for a related uniqueness result, we need yet another continuity result,
which is conceptually between the notions of weak and strong Feller.

De�nition 3.15 The Markov process X is called T-process, if there is a probabil-
ity measure a on R�0 and a kernel T on (X;B(X)) satisfying the following three
conditions:

1. For every A 2 B(X), the function x 7! T (x;A) is lower semi-continuous6.

6A function f : X! R is called lower semi-continuous if

8x0 2 X : lim inf
x!x0

f(x) � f(x0):

In particular, every continuous function is lower-semicontinuous.
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2. For every x 2 X and every A 2 B(X) we have Ka(x;A) � T (x;A).

3. T (x;X) > 0 for every x 2 X.

The uniqueness result follows from Meyn and Tweedie (1993b, th. 3.2), which we
report below as our proposition 3.16, and proposition 3.5.

Proposition 3.16 Suppose that X is a '-irreducible T-process. It is bounded in
probability on average if and only if it is Harris recurrent.

4 Existence and uniqueness of invariant measures
for the employment-wealth process

We concentrate on the low-interest-rate regime r < �. Then we know that the
support of the law of a(�) is a subset of [�b=r; a�w]. Therefore, the distribution of
(a(�); z(�)) understood as a family of probability measures is tight in the sense of
de�nition 3.9. Since the process satis�es the weak Feller property, proposition 3.14
implies the existence of an invariant probability measure. In order to show uniqueness,
we need to prove that (a(�); z(�)) is Harris recurrent. Formally, we choose X =
[�b=r; a�w]� fw; bg.

Lemma 4.1 In the low-interest-regime with r < �, (a(�); z(�)) is an irreducible
Markov process.

Proof. Let �b=r < a < a�w, z 2 fw; bg. Then, regardless of the initial point
at 2 [�b=r; a�w] and regardless of zt, it is possible to attain the state (a; z) in �nite
time with probability greater than zero. Thus, proposition 3.6 implies irreducibility.

Remark 4.2 In the case of intermediate interest rate, the process is not irreducible.
Indeed, if the wealth surpasses the value a�b , then it increases forever. Therefore, it
is impossible to return to a state with lower wealth. The same holds true for the
high-interest-rate-regime.

We continue with the following useful auxiliary lemma.

Lemma 4.3 The conditional density of the time of the �rst jump in employment
given that there is precisely one such jump in [0; � ] and that z(0) = w is given by

g(1)� (u) =
�� s

e(��s)� � 1e
(��s)u; 0 � u � �:7

7In the case � = s the formula is still correct in the sense of a limit lim�!s. Since all the
derivations below equally go through in that case, we will tacitly omit the distinction between the
cases � 6= s and � = s.
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Proof. The joint probability of the �rst jump �1 � u � � and N� = 1, where N�
denotes the number of jumps in [0; � ], is given by

P (�1 � u; N� = 1) = P (�1 � u; �2 � � � �1)

=

Z u

0

P (�2 � � � v)se�svdv

=

Z u

0

e��(��v)se�svdv

=
s

�� s
e���

�
e(��s)u � 1

�
:

Here, �2 denotes the time between the �rst and the second jump, and we have used
independence of �1 and �2. Dividing through the probability of N� = 1, we get

P (�1 � ujN� = 1) =
e(��s)u � 1
e(��s)t � 1 ;

and we obtain the above density by di¤erentiating with respect to u.
Now we formulate the central technical lemma.

Lemma 4.4 Assume that the optimal consumption function c(a; z) is C1 in wealth
a. Then the employment-wealth-process (a(�); z(�)) is a T -process.

Proof. Given (at; zt) 2 X and A 2 B(X), the probability of (a(�); z(�)) 2 A for
some � > t can naturally be decomposed as

P ((a(�); z(�)) 2 Aja(t) = at; z(t) = zt) =
1X
k=0

P ((a(�); z(�)) 2 Aja(t) = at; z(t) = zt; N(�) = k) � P (N(�) = k)

�
1X
k=0

f (k)� (at; zt;A)P (N(�) = k);

where N(�) denotes the number of jumps of the employment state between t and � .
The idea of the argument is that f (0) �corresponding to the event that no jump has
occurred �has no smoothing property whatsoever, but all the other f (k), k > 0, do
have smoothing e¤ects, because of the random time of the jump. Therefore, we are
going to prove that f (1) satis�es the conditions of De�nition 3.15 on the kernel T (for
a = �� , i.e. Ka = P ��t).
For ease of notation, let us assume that zt = w and that t = 0 �of course, it

is easy to extend the argument to the general case. Let g(1)� denote the density of
the time of the �rst jump in employment conditional on the assumption that there is
precisely one such jump in [0; � ]. This density is given by

g(1)� (u) =
�� s

e(��s)� � 1e
(��s)u; 0 � u � �;
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see lemma 4.3 above.
Given that the only jump in employment between 0 and � happens at time 0 �

u � � , let us denote the mapping between the starting value at and the value of
the wealth at time � by �1(at; u; �). i.e. �1 is the solution map of the stochastic
di¤erential equation for the wealth, given that only one jump of z happens in the
considered time-interval. By adding the time of that single jump as a variable, �1 is a
deterministic function. We can understand it as the �ow generated by the underlying
ODE. Indeed, let  z denote the solution map of the ODE

da(�)

d�
= ra(�) + z � c(a(�); z) (2)

for z 2 fw; bg �xed. More precisely,  z(a; u) denotes the solution of the ODE (2)
evaluated at time u given that the starting value (at time 0) is a. Then we may
obviously write

�1(at; u; �) =  b( w(at; u); � � u): (3)

Using the function �1 and the fact that z(�) = b (given that zt = w and that there
is precisely one jump in [0; � ]), we may re-write f (1)� as

f (1)� (at; w;A) =

Z �

0

1A(�1(at; u; �); b)g
(1)
� (u)du (4)

=
�� s

e(��s)� � 1

Z �

0

1A(�1(at; u; �); b)e
(��s)udu

=
�� s

e(��s)� � 1

Z u(at;�)

l(at;�)

1A(y; b)e
(��s)��11 (at;y;�)

���� @@y��11 (at; y; �)
���� dy: (5)

In equation (5) we have made the substitution

y � �1(at; u; �);

understood as a change from the u-variable to the y-variable. Consequently, y 7!
��11 (at; y; �) is to be understood as the inverse map of u 7! �1(at; u; �), with at and
� being hold �x. Therefore, we �rst need to check the validity of that substitution.
Note that u 7! �1(at; u; �) is a strictly increasing map by our assumption. Therefore,
the substitution y = �1(at; u; �) is well-de�ned. Moreover, this implies that the lower
and upper boundaries of the integration in (5) are given by

l(at; �) � �1(at; 0; �); u(at; �) � �1(at; � ; �);

respectively. In order to justify the application of the substitution rule, we need to
establish continuous di¤erentiability of ��11 in y. Formally, we immediately have that

@

@y
��11 (at; y; �) =

1
@
@u
�1(at; u; �)

��
u=��11 (at;y;�)

:
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By (3), we have

@

@u
�1(at; u; �) =

@

@u
 b( w(at; u); � � u)

= �@ b
@u
( w(at; u); � � u) +

@ b
@a
( w(at; u); � � u)

@ w
@u

(at; u)

= �
h
r b( w(at; u); � � u) + b� c(b;  b( w(at; u); � � u))

i
| {z }

<0

+

+
@ b
@at

( w(at; u); � � u)| {z }
�0

h
r w(at; u) + w � c(w; w(at; u))

i
| {z }

�0

> 0:

The inequality follows, because the wealth of the unemployed is, by assumption,
strictly decreasing, the �nal wealth is an increasing function of the initial wealth, and
the wealth of the employed is increasing. Moreover, we can easily see that all the
terms are continuous in u.
Thus, we can justify the substitution (5). This implies continuity of f (1)� (at; w;A)

in at, since the integrand as well as the integration-boundaries in (5) are continuous
in at. Therefore, T (at; zt;A) � f

(1)
� (at; zt;A) satis�es the �rst condition in De�ni-

tion 3.15 �continuity in the z-variable is trivial. The second and the third conditions
are obvious, and we have �nished the proof of the lemma.

Theorem 4.5 Suppose that r < � and that c(a; z) is continuously di¤erentiable in
a. Then there is a unique invariant probability measure for the employment-wealth
process (a(�); z(�)).

Proof. By lemma 4.1 and lemma 4.4, the employment-wealth process (a(�); z(�))
is an irreducible T -process. Moreover, since it is compactly supported (in fact, the
state space X itself is compact), it is obviously bounded in probability on aver-
age. Thus, proposition 3.16 implies that (a(�); z(�)) is Harris recurrent. By propo-
sition 3.5, there is a unique invariant measure (up to a constant multiplier), and
proposition 3.14, �nally, implies that we may choose the invariant measure to be a
probability measure.

5 Ergodicity of the employment-wealth process

In this section, we are going to show that the employment-wealth process is ergodic. In
fact, it will turn out to be a simple consequence of the T -property, already established
in lemma 4.4, and the ergodicity results for general Markov-processes as presented in
Down, Meyn and Tweedie (1995).

De�nition 5.1 Given a probability measure a on R�0 and a non-trivial measure �a
on B(X). A set C 2 B(X) is called �a-petite, if for all x 2 C and all A 2 B(X) we
have Ka(x;A) � �a(A). We call C petite, if the measure �a does not matter.
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Let us �rst recall that every compact set is petite for a non-evanescent, irreducible
T -process, see Theorem 4.1 Meyn and Tweedie (1993b, th. 4.1. Since we have already
showed that the employment-wealth process satis�es these assumptions for r < �
(Lemma 4.1 and Lemma 4.4), it immediately follows that every compact set is petite
for the employment-wealth process.

De�nition 5.2 Given a measurable function V � 1 de�ned on the state space X of
a Markov-process Xt with transition kernel P t and the unique invariant measure �,
we call the Markov-process V -uniformly ergodic, if we can �nd constants D <1 and
0 � ! < 1 such that 

P t(x; �)� �




V
� V (x)D!t (6)

for every x 2 X and t � 0. Here, k�kV is a generalization of the well known total
variation norm de�ned by

k�kV = sup
jf j�V

����Z f(y)�(dy)

����
for a probability measure �. (The total variation norm is given by k�k1, i.e. with
V � 1.)

Next we present a su¢ cient condition for V -uniform ergodicity given in Down,
Meyn and Tweedie (1995, th. 5.2).

Proposition 5.3 Given an irreducible, aperiodic Markov-process Xt with in�nitesi-
mal generator A. Assume we can �nd a measurable function V 2 D(A) such that
V � 1, constants d; c > 0 and a petite set C satisfying

AV � �cV + d1C :

Then the Markov-process is V -uniformly ergodic.

Here, a  -irreducible Markov process Xt as before is called aperiodic, if there is a
petite set C with  (C) > 0 and a time T > 0 such that P t(x;C) > 0 for all x 2 C and
t � T , see Down, Meyn and Tweedie( 1995, page 1675). For a more comprehensive
view on the notion of aperiodicity for Markov chains with general state spaces (but
in discrete time), see Meyn and Tweedie (1993a, page 119 ¤.).

Corollary 5.4 Under the assumptions of theorem 4.5, the employment-wealth process
is uniformly ergodic.

Proof. Recall that the employment-wealth-process is a T -process, see lemma 4.4.
Therefore, every compact set is petite. Moreover, we have shown irreducibility in
lemma 4.1. Without loss of generality, we may restrict the state space to the compact
set [�b=r; a�w]�fw; bg. Consequently, aperiodicity in the sense of the above de�nition
is trivial.
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Thus, we are now in the framework of proposition 5.3. Choose V : [�b=r; a�w] �
fw; bg ! R by setting V � 1. Then V 2 D(A) and, clearly,

sup
a2[�b=r;a�w]; z2fw;bg

AV (a; z) <1:

Consequently, the main condition of Proposition 5.3 can be satis�ed with c = 1,
C = [�b=r; a�w]� fw; bg and

d � sup
a2[�b=r;a�w]; z2fw;bg

AV (a; z) + 1:

6 Conclusion

This paper has proven existence, uniqueness and stability of the stationary distrib-
ution of the wealth-employment process implied by a prototype model of matching
and saving. - to be written -
Section 3 establishes the existence and uniqueness of an invariant distribution and

shows ergodicity, i.e. convergence of the distribution of the process to the invariant
distribution. Again, we employ quite general mathematical tools from the theory of
Markov processes. We remark that we have to use more advanced methods than in
the case of a stochastic di¤erential equation driven by a Brownian motion. Indeed, in
that case the strong smoothing properties of Brownian motion can be used to obtain
the strong Feller property. Consequently, the corresponding analysis for stochastic
models partly driven by a Brownian motion (in the sense that we may also allow
for jumps), will often be easier than the one presented in this paper. On the other
hand, the analysis of section 3 might be adapted to other stochastic models driven
by pure jump processes. In general, it might, however, be non-trivial to establish the
conditions of prop. 5.3.
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